A compressed polytope is an integral convex polytope all of whose pulling triangulations are unimodular. A (q − 1)-simplex Σ each of whose vertices is a vertex of a convex polytope P is said to be a special simplex in P if each facet of P contains exactly q − 1 of the vertices of Σ. It will be proved that there is a special simplex in a compressed polytope P if (and only if) its toric ring K[P] is Gorenstein. In consequence it follows that the h-vector of a Gorenstein toric ring K[P] is unimodal if P is compressed.
A compressed polytope [10, p. 337 ] is an integral convex polytope all of whose "pulling triangulations" are unimodular. (Recall that an integral convex polytope is an convex polytope each of whose vertices has integer coordinates.) A typical example of compressed polytopes is the Birkhoff polytopes [10, Example 2.4 (b)]. Later, in [6] , a large class of compressed polytopes including the Birkhoff polytopes is presented. Recently, Seth Sullivant [12] proved a surprising result that the class given in [6] does essentially contain all compressed polytopes. [9] ). In fact, Reiner and Welker [8] succeeded in showing that the h-vector of a Gorenstein toric ring arising from a finite distributive lattice (see, e.g., [4] ) is equal to the h-vector of a simplicial convex polytope.
Christos Athanasiadis [1] introduced the concept of a "special simplex" in a convex polytope. Let P ⊂ R n be a convex polytope. A (q − 1)-simplex Σ each of whose vertices is a vertex of P is said to be a special simplex in P if each facet (maximal face) of P contains exactly q − 1 of the vertices of Σ. It turns out [1, Theorem 3.5] that if P is compressed and if there is a special simplex in P, then the h-vector of K[P] is equal to the h-vector of a simplicial convex polytope. In particular, if P is compressed and if there is a special simplex in P, then K[P] is Gorenstein whose h-vector is unimodal. Examples for which [ In the present paper we prove that there is a special simplex in a compressed polytope P if (and only if) its toric ring K[P] is Gorenstein.
Theorem 0.1 Let P be a compressed polytope. Then there exists a special simplex in P if (and only if ) its toric ring K[P] is Gorenstein.
Proof. It follows from [12, Theorem 2.4] that every compressed polytope P is lattice isomorphic to an integral convex polytope of the form C n L, where C n ⊂ R n is the n-dimensional unit hypercube and where L is an affine subspace of R n . Without loss of generality, one can assume that L (C n \ ∂C n ) = ∅, where ∂C n is the boundary of C n . In 
Proof of Claim
If the equation x d+i = 1 defines a facet of P, then the equation
defines a facet of Q . We write the equation (1) of the form a ij ∈ Z is divided by p. We write the equation Q . E . D . 
